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The definite integrals f^^a-xH^-'^^'HPvix)f dx, /_\(l-x2)(^-l)/2[p^(x)]2p^(-x)dx, /_\ xa-xH''-'^^'HPv+iix)f dx 
fvj ' and/_;^x(l-x )*^~ ' [Py+i(x)] Pv+i(-x)dx are evaluated in closed form, where Py is the Legendre function of degree 

, V, and Rev > -1. Special cases of these formulae are related to certain integrals over elliptic integrals that have 

*'0' arithmetic interest. 
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»^ . In this brief note, we present analytic proofs of the following integral formulae for Rev > -1 
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Introduction 
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/ : iTTTl — Tj^dx^[2cosivn)-3] I 
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^. fi x[Pv+i(x)f , ,„ , , „ ri x[Pv+i(x)]2Py+i(-x) , 3 3-2cos(v7r)/cosf 
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\Q. j-l(l-x2)(l-^)''2 j_l (l-a;2)(l-v)/2 g 71 I 2^ 



r(^) 
ni+i) 



(1.1) 



(1.2) 



\^ _ As the special cases of Legendre functions P-1/2, P-1/3 - P-2/3, P-1/4 - P-3/4 and P-i/e - P-5/6 are related to the complete 

^-H ! elliptic integrals of the first kind K(^) = /^''^d - k^ sin2 Oy'^^'^dd [Ref 1, Chap. 33], the evaluation in Eg. [LD allows us 

Tjj- to compute certain challenging integrals over elliptic integrals. 

^^ While a recent manuscript by M. Rogers, J. G. Wan and I. J. Zucker |2] was in preparation, one of the authors 

Cn (J. G. Wan) sent me a draft that contained a proof for the evaluation 



Jo 



mVr^)f ^ ^ 3[r(i)]8 

— = ak— = — , (l.o) 

v/I(l-/fe2)3/4 32v^;r2 



C^ and asked me if there is an analytic verification for another identity they discovered via numerical experimentations: 



I 



[K(vT^^)]2k(^) ^ . [r(i)]8 

= d^= j= — . (1.4) 

v^(l-jfe2)3/4 32v^7r2 

On the same day of correspondence (Feb. 21, 2013), I wrote back my deduction of Ea. [L4l from Eg. 11.31 along with a 
generalization to Legendre functions of arbitrary degrees {i.e. the first equality in Eq. II. ID . My proof is reproduced 
below as Proposition 12.11 verbatim, in the form as was communicated to the authors of 1 2]. Later on, I realized that 
one can evaluate the integral in Eg. ll.4l without the prior knowledge of Eg. [L3l drawing on the v = -1/2 scenario of the 
second equality in Eg. II. II The computation of the integral /_^(l-x2)*^~^''2[p^(^)]2p^(_^)^^ j^g^ > _^ jg elaborated in 
Proposition [3TT] where the connections between Egs. ll.ll and ll.2l are also revealed. 

The proofs in this note build on some spherical harmonic techniques, Tricomi transform identities, and Hansen- 
Heine type scaling analysis developed in |3], which are independent of the lattice sum methods in |2]. In the current 
version of (^l, the authors have announced the availability of a proof for Eg. ll.4l based on modular forms, which will 
appear elsewhere 1 4]. Their arithmetic proof will draw on [5] and will generalize Eg. 11.41 along another direction. 
Notwithstanding sharp differences in our methods and motivations, I wish to express my sincere gratitude to the 
authors of 1121 for their inspirational work and friendly communications. 



2 An Application of Tricomi Pairing 

Proposition 2.1 We have the following evaluations: 

32v^7r2~3Jo v^(l-jfe2)3/4 ~Jo v^(l-;fe2)3/4 ~ jg ^1(1-/^2)3/4 

Jo 6^3/4(1.^)3/4^^ Jo 2^3/4(1.^)3/4 ^^ J^ 2^3/4(1.^)3/4 

^ v^3 ^1 [p_^/2(x)]^ , __ v^7r3 fi [P_i/2(x)]2p_i/2(-x) , V2;r3 fi P_i/2(a;)[P_i/2(-a;)]2 
48 

which is a special case of 



r' [P-i/2(x)]-' _ V27r-^ r' [P_i/2(x)]^P-i/2(-x) _ V2;r" f' P_y2(x)[P-i/2i-x)Y 

i-l (l-x2)3/4 "^"^ 16 j_i (l-x2)3/4 '^'^ 16 j_l (l-x2)3/4 '^''' ^^"^^ 



/■I [Pv(x)]3 ^ rl [P^X)]2P^-X) p ^ , ,„„, 

J_, (l.,2)(i-.)/2 d^-f3-2cos(v.)]J_^ (l-.2)(i-.)/2 d^> R->-l' (2.2) 

where Pv(l - 2z) = 2-P'i ( ~^'^'^ | z) stands for the Legendre function of the first kind of degree v. (One has P_i/2(x) - 
|K(V(1-x)/2) for-l<x< 1.) 

Proof We shall prove Eq. l2.2l for -1 < v < 0. The rest of our claims will then follow from analytic continuation and the 
special case where v = -1/2. 

We first recall the following Cauchy principal values involving fractional degree Legendre functions [Ref [sl, Propo- 
sitions 4.2 and 4.4]: 

^(^^PviOPvi-0^, [Pv(x)]2-[P^(-X)]2 ., ^ ^ ^ 

^1 : — d^= r^ — ^ , -l<x< l,v£C\Z; (2.3) 

J-i Ti{: 



•/: 



%(x - sin(v;7r) 

2(x-0 



(l + 0''""-Pv(0 , ,, ^(l + x)^""Qy(x), -l<x<l,«EZ>o,Re(v-n)>-l. (2.4) 



Here, 



n 
Qvix):^-—— — -[cos(vjr)Pv(x)-Pv(-x)], veCxZ; Q„(x) := limQv(x), « £ Z>o (2.5) 

2sm(v7r) v— n 

defines the Legendre functions of the second kind for -1 < x < 1. We will also need a familiar integral formula [Ref |g, 
Eq. 11.336]: 



•£ 



cot(a7r), -l<x<l,0<a<l. (2.6) 



(1-0" n{x-0 a-x)' 
We note that the Tricomi transform 3^:LP(- 1, 1) — ► L^(- 1, 1) for 1 < p < +oo, defined by 

{3^f){x):^&>f 4^' a.e. XE(-1,1) 

satisfies a Parseval-type identity [Ref |a, Eq. 11.237]: 

[ f(x)i^g)ix)dx + j gix)(^f)(x)dx^O, (2.7) 

and the Hardy-Poincare-Bertrand formula [Ref 6, Eq. 11.52]: 

3"[f(3"g) + g(3"f)] = (9"f)(9"g) - fg, (2.8) 

for any inputs f eLP(-l,l),p> 1; geL'^ (-1,1), q> 1 and i + i < 1. 

For -1 < V < 0, we set n = in Eq. [231 a = d - v)/2 in Eq. ^M and apply Eq. HH to f(x) = (1 + xVPy(x), g{x) = 
(1 + x)"'^+^''2/(i . a;)(i-^V2^ Yfh\c\i results in the following identity: 



/: 



iPv(Ocot^i^ + |Qv(0 de |Qv(x)cot^i^-Pv(x) 

- -, -1 < x< 1. (2.9) 



(l-^2)(l-v)/2 Ti{x-0 (l-x2)(l-^V2 



We may pair up Eas. l2.3l and l2.9l in an application of the Parseval-type identity (Ea. l2.7l l: 



/: 



.a-v)n , 2 



1 p^(x)C0t'-^^ + ^Qv(x) [P^(x)]2 - [P^{-X)f 



'""-'L 



a-v)iT 



1 ^Q^{x)COt'-^^-Py(x) 



(l-x2)(i-^)/2 sinCvTT) j_i (l-x2)(i-^)/2 

As we spell out Qvix) using Eg. 12.51 we may reduce Ea. l2.10l into a vanishing identity 



Py{x)Pyi-x)dx. (2.10) 



/- 



PAx) + Py( x) |^p^(^)]2 _ 2[2 _ cos{vn)]Py(x)Py{-x) + [Py(-x)f} dx = 0. 
1 (1-x^)^^ ^"^ 



After we exploit the invariance of the factor (1-x^)*^ ^'^^ under the reflection x^ -x, we may deduce Ea. l2.2l from the 
equation above. ■ 

3 Some Integrals Over the Product of Three Legendre Functions 

Proposition 3.1 (a) For Rev > -1, we have the integral identities: 



1 [Pv(x)]2Pv(-x) , 8 fl x[Pv+l(x)]2Pv+l(-x) 



r' [Py(x)YPy(-x) ^8 r' 

J-1 (l-x2)(l-y2 '*'' 3J-1 

J-1 (1 - x2)(l-^)/2 ^^ 3 j-1 (1 - x2)<l-^)/2 



2)(l-v)/2 *i^ 3j_^ (l-x2)(l-^V2 *i^' 

[Pv(x)]3 8 /■! x[Pv+l(x)]3 ^ 

dx = — / T-r; TJ^dX, 



and the recursion relation: 



1 [Py(x)fPy{-x) , 64(v + 2)4 fi [ P^+2(x)]^Pv+2(-a:) 

(l-x2)-(i+^V2 



p [Pv(x)]^Pv(-x) 64(v+2r r 

j-1 (l-x2)(l-^V2 ^^ (v + l)4 j_^ 



dx. 



(3.1) 
(3.2) 

(3.3) 



(b) We /jaue i/ie following evaluation: 

™i [Pv(x)]2p^(-x) 



x; 



dx: 



1 ^COS^ 



V7I \ 3 r r^i 1 + V\ 1 4 



r(^) 
r(TT|j 



Rev>-1. 



-1 (l-x2)(l-^'/2 -- Ti\ 2" 

Proof (a) Using the standard recursion relations for Legendre functions, one can directly verify that 

-^[(1 - x2)-(^-"/2p^,i(x)] = (V + 1)(1 - x2)-'--3)/2p^(x), 

dx 

-^[(1 - X^y^^Py(x)Py{-x)-\ = (V + 1)(1 - x2)^[P^(x)Pv+l(-x) - Pv(-x)Pv+l(x)], 

dx 
so an integration by parts leads to the following identity: 

r-l r-l 

a>i(v):= / (l-x^)<''""'^[Pv(x)]2Pv(-x)dx=- / (l-x2)<^-^''2p^+i(x)[Pv(x)Pv+i(-x)-Pv(-x)Pv+i(x)]dx 
= -[ (l-x2)'^-^''2p^(x){P^+i(x)P^+i(-x)-[Pv+i(-x)]2}dx, Rev>-1. 
Integrating over (1 - x^)~*^"^^''^Pv(x) again, and exploiting the relation 

J J 

— {(l-x2)^+lp^+l(x)Pv+l(-x)}-— {(l-x2)^+l[P^+l(-x)]2} 

dx dx 

= (1 - x^)''{-2x[Pv+i(-x)]2 + 2xPv+i(x)Pv+i(-x) - 2(v + 2)Pv+2(-x)Pv+i(-x) 



(3.4) 



(3.5) 



we may deduce 



- (v + 2)Py+2(x)Pv+i(-a;) + (v + 2)Pv+i(x)Pv+2(-x)], 

4 r^ 

^l(v)= (l-x2)<^-"'2^[P^+i(x)]2p^+l(-x)dx 

V+lJ-1 

f2) ri 
1 j-1 



2(v + 2) 



v+ . 



(l-x2)(^-i>/2p^+2(x){Pv+i(x)Pv+i(-x)-[Pv+i(-x)]2}dx, Rev> -1 



(3.6) 



from Eq. 13.51 and a few reflection transformations x ^ -x. Now, with the recursion relation (2v + 3)xPv+i{x) = (v + 
2)Pv+2(x) + (v + l)Pv(x), we may take a hnear combination of Eas. l3.5l and l3.6l that eUminates Py and Pv+2'- 

^Liy)^-lf a-x^)^''-^^'^x[Py+i{x)fPy+i{-x)dx. (3.7) 

o J-i 

Clearly, Ea. l3.7l entails Eg. 13. II The proof of Ea. l3.2l is essentially similar, if not simpler: 

[3-2cos(v7r)]<l'L(v):= f {l-x^)^''-^^'HPAx)fdx^2f a-x^i''-'^^'^Py(x)[Py+i(x)fdx ( l33I ) 

= ?^ /" (1 - x2)'"-"''Pv.2(x)[Pv.i(x)]2 dx (HH) 

2v + 5 J-i 

= ^ [\l-x2)(^-"/2^[P,+i(x)]3dx. (HJl) 

3 J-i 

From Eg. 13. 611 we may use integration by parts to compute 

[3-2cos(v7r)]0L(v)= -^ f il-x^f''^^'>'^Py+i{x)-^{il-x^)-''-HPy+2ix)f]dx 
2V + 5J-1 dx 

4 r^ 

= - (l-x2)<^-i>/2[p^^2(^)]2[(2v+3)xPv+i(x) + (v+2)Pv+2(a:)]dx, (3.8) 

2v+5 J-i 

while the same method also brings us 

2(v + 2)f (l-x2)(^-"'2^[Pv+2(x)]2Pv+i(x)dx= [ a-xb^^''^^^'^xPy+2(x)-^{il-x^)-''-HPy+2ix)f]dx 
J-1 J-1 dx 

= -(v + 2)/ (l-x^)<''""^^x[Pv+2(x)]^Pv+i(x)dx- / (l-x^)<''"^''2[l-4(v + 2)x^][Pv+2(x)]^dx. (3.9) 



Therefore, a combination of Egs. 13^ and [3^ results in an identity valid for Rev > -1: 

[3-2cos(v7r)]0^(v)^ ^l^'^' ovo "^ ^^ f \l-x^)'-"^^[P..2(x)]^dx- ^^^/^^^^j^V 3-2cos(y;r)]0^(y+2). (3.10) 
3(v + 2)(2v + 5) j-1 3(2v+5) 



Meanwhile, using the Legendre differential equation for Pv(x) and integration by parts, one can establish the fol- 
lowing vanishing identity: 

0= [ Pv(x)^|(l-x2)^{(l-x2)'^+"'^[Pv+2(x)]^}idx + v(v+l)f (l-x2)'^-'^^'2Pv(x)[Pv+2(x)]^dx 
J-1 dx I dx J J-1 

+ ^^^^f\l-x')^^^{a-x'r-'^'HP.,2(x)f}dx-2v{2v + 3)f\l-x'r-^^'^^^^^ 
v+1 J-1 dx dx J-1 

= 2(v + 2) f (1 - x'^f''-'^'"\Py+i(x)]H(v + 2)Py{x) - 2(2v + 3)Pv+2(x)] dx 

1 r^ 

— (l-x2)'^-"/2[p (a:)]2[(2v + 3)(v2-3)xPv+i(x) + (v + 2)(5v2 + 16v+13)Py+2(a:)]dx. (3.11) 

+ 1 J-1 



+ 
v + 



Here, in the last step of Eq. 13.111 we have just spelt out the integrands literally, relying on the basic recursion relation 
(2p + l)xP^(x) - i^i+ l)P^+i(x) + ^P^-i(x) wherever necessary. With the aid of Eqs. 13.511 13.611 and 13.91 we may recast 
Eq. |3.11| into the following identity for Rev > -1: 



2(23vHlllv2 + 177v+93) f^ 

[3-2cos(v;r)]<pL(v + 2). (3.12) 



[3 - 2cos(v.)]<P,(v) - '^'If ^ l''f: 'J'^;''' f\l-x^r-^^'HP.Mfd 
3(v + 2)(2v2 + 8v + 7) J-1 

8(2v+3)(3-v2) 



3(v+l)(2v2 + 8v + 7) 

One can now eliminate the expression /_^(1 -x^)*^~^''^[Pv+2(x)]^dx from Eqs. 13.101 and 13.121 so as to verify the 
recursion relation 



64(v + 2)* 
^l(v)=-- -j-<pLiv + 2), Rev>-1, 



as stated in Eg. 13.31 



(b) We denote the left- and right-hand sides ofEg. lS^ bv 0l(v) and <Pr{v), respectively. We shall show that the functions 
<Pl(v) and 0r{v) share enough common characteristics to warrant the truthfulness of the identity in Ea. l3.4l 

Firstly, we point out that both sides of Ea. [3l4l agree on non-negative even integers <pL(2m) - <pR{2m),m e Z>o, and 
0l(v) - 0{{v-n)^) for each positive odd integer n - 2m + l,m e Z>o, so that <Pl(v)/<1>r{v) is bounded as v approaches any 
positive odd integer. Here, one may verify cPi(O) = 0r{O) - n through direct computation, and the recursion relation for 
cPiCv) (Ea. l3.3D consequently brings us 0L{2m) - 0R{2m),m e Z>o. To show that 0l(v) - 0{(v-nf) for n-2m + l,m e 
Z>o, we compute the first- and second-order derivatives of cPl(v) atv-n. Bearing in mind that P„{-x) - -Pn(x) when 
re is a positive odd integer, we may differentiate Ea. l2.2l in v: 



-I r 



(l_^2)(l-y)/2 ^ Qy 



[3-2cos(v7r)] 



/: 



1 [Py{x)fPy{-X) 

(l_^2)(l-v)/2 



dx 



and simplify the equation above into 

[P„(X)]2 dPy(x) 



'/: 



(l-x2)(l-«'/2 dv 



da; = 5<^2 



'■i: 



1 Pnix)Pn{-x) dPyix) 



dv 



dx+ / 

v-n J-1 



1 lPn(-x)f dPy(x) 



(l-x2)(l-«)/2 dv 



Ax 



(3.13) 



.(l-x2)(l-«)/2 

Here, each integral in Eq. |3.13| represents the same number, up to a plus or minus sign. After rearrangement, one can 
see that each addend in Ea. l3.13l indeed vanishes, which proves that cZ'l(v) - 0{(v-n)^). Now, as we expand the identity 

=i2 I ^1 rn /„m3 ;,2 , r\ [p^(x)fp^{-x) , \ d'^ \ fl [P y(x)f P y(- x) 



— I C 

dvHv=nJ-l 



[Pv{x)f ^ f_ 

(l_^2)(l-v)/2^^ Qy2 



[3-2cos(v;r)] 



r. 



(l-x2)(l-^V2 



I 1 32 I /■! 



using the Leibniz rule of differentiation, we obtain 

^2 I r^ iPy{x)f , „ fl Pnix) 



dvA,^J-i{l-xH^-^'^ J-1 



dPyix) I 



:20 



+ 10 



(l-x2)(l- 
Pn(x) dPyix) I 



(l_^2)(l-«)/2 

dPy(-x) 



dv 
1 



lx + 3 / 



(l-x2)(l-^'/2 
[Pn{x)f d'^Pyix) 



■dx 



(l-x2)(l-«'/2 Qy2 



dx 



(l-x2)(l-«'/2 dv \y^, 
1 P„(x)P„(-x) d'^Pyix) 



dx+10 



/: 



Pni-X) \ dPyix) 



L 



(l_^2)(l-«)/2 Qy2 



dx + 5 I 

v=n J-1 



(l_^2)(l-«)/2 
1 [P„(-X)]2 32p^(x) 



(l_a:2)(i-«)/2 av2 



dv 
dx. 



dx 



(3.14) 



Appealing again to the symmetry P„(x) - -P„(-x), we see that the last two lines in Eq. |3.14| add up to 



-/: 



Pnix) 



(l-x2)(l-»V2 



dPyix) 



dv 



lx-5 / ; 

J-1 (1-x 



[P„(X)]2 52P^(X) 



av2 



dx: 



5 ^1 ri 

3 dv^\y=nJ-i 



[Py{x)f 



(l_^2)(l-y)/2 



dx. 



j.2)(l-ra)/2 

thus we may reach the result <Pl(v) = 0((v-re)^) where n = 2?n+l,m £ Z>o. In view of the triple zero at v= 1, we may use 
the recursion relation for cE'i(v) - -64(v + 2)^<Pi(v + 2)/(v+ 1)* (Eq. |3.3t to analytically continue <Pl{v) as a meromorphic 
function for v e C \ {- 1, -3,-5, . . .}, so that all the negative odd integers are simple poles. Based on the facts gleaned so 
far, we know that the ratio <Pl(v)/'Pr{v) is analytic in the whole complex v-plane, and <t>L{2m)l0R{2m) - 1 for meZ. 

Secondly, we show that the entire function 

1 fa>L(v) 



/■(v): 



sin^ [0r{v) 



veC 



(3.15) 



has at most 0(\ Im v| ) growth rate when v tends to infinity in a certain manner More precisely, we will be concerned 



with V residing on a square contour Cn with vertices 2N - ^ 



■2iN,2N-\ + 2iN, 



-2N- 



\ + 2iN, and -27V -\- 2iN, 



where N is a. positive integer. For rj e 

1 



Pi^iMse)^2Fi 



the conical function 

1 



2 111,2+'^^ 
1 



.20^ , ^ (A 4r?2 + (2«- 

^^ k = l\n = l 



I? 



An^ 



,2k 



-, O<0<n 
2 



is strictly positive and increasing in 6. This allows us to deduce the following a priori bound estimate for Rev = -1/2: 



I<I>l(v) 



\J-i 



1 [Py{x)fPyi-X) 

(l_a;2)(l-v)/2 ' 



Jo 



v^sin0 

[r(i)]2cOs2f 



ix < / 

I J-1 

I 



1 [Py(x)fPyi-X) 



r-nl2 

lx= / 
Jo 



[Py(cOS0) + Pv(- COS0)]Pv(cOS0)Pv(- COS0) 



47r2 



v^ + 2cos 



(4v+l);r 



(l-x2)3/4 



[Pv(-cos0)]2Py(cos0) {nsinQ 
W 

nl2 



\f^ 



de 



VW/n 

r(^) 
ra + i) 



3/2 



de 



4 Jo 



.(-cos0)rPv(cos0) 



sine \ ^'2 de 



-^, (3.16) 

Ve 



where we have computed the integral Jq Pv{cos6)/Vsin6d6 using a result of T. M. MacRobert [7], and quoted the 
standard evaluation of PyiO). Next, we recall the asymptotic behavior of conical functions [Ref 8, pp. 473-474] for 



P-l,i,(cose)^ 



-hivex 



„ . „. 2cosh(r77r) ^, , „, 



(3.17) 



where Iq and Kq are modified Bessel functions of zeroth order. This allows us to evaluate the limit 

1 n^ r''^\^ . _,i2_ , _,/sine^3'2^ 

7^ 



lim 



cosh^(r77r) 



lim : ,„. ,^ 



'1L\ 4 Jo 
Zi Jo 



2 '■'^'2 ■" i2 / sinS 

P i^,„(-cos0) P_i^,„(cos0) 



flT/^ 



VlT]^ 



Io(r]e)lKo{r]e)\ 



.de _ n r 

V^~ 2^2 Jo 



h(e)[Ko{B)f^ <+oo. 



(3.18) 



Ve 2y2Jo v^ 

Combining the results in Eqs. l3.16l and l3.18l we see that f{v) - 0(|lmv|^'^) is true for Rev - -\- As <I>lM and <I>r(v) 
share the same recursion relation, we have f{v) - -f{v + 2). Thus, the estimate fiv) - 0(|lmv|^'^) holds for the two 
vertical sides of the square contour C^, where Rev - -2N - ^ and Rev - 2N - ^. To estimate the growth bound on the 
two horizontal sides of the square contour Cjv, we begin with the scenarios where Im v = 2A^ > 10 and 1 < Re v < 3. After 
a slight modification of Ea. [3?T6l we may put down 



/■7I/2 

|<Pl(v)|< / |Pv(cos0)|2|Pv(-cos0)|(sin0)^<'M0 + 
Jo 



rJl/2 

i 



|Pv(-COS0)r|Py(cOS0)| 



20 



3/2 



e^'^Me. 



(3.19) 



Jo Jo 

As the asymptotic formulae in Eq. 13.171 remain valid when ir] is replaced with (2v + l)/2, we may employ a scaling 
argument as in Ea. l3.18l to deduce 



1 p/2 

sin2(v7r) Jo 



|Pv(-cos0)riPv(cos0)| 



TTsmt 
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3/2 



e^^^de^o 



|Iinv|Rey+lj' 



as Imv -^ +00, 1 <Rev< 3. 



(3.20) 
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Likewise, we have csc{vn)fQ |Pv(-cos0)|(sin0)^''^d0 = 0(|lmv| 
there exists an acute angle Uy e (0,;7r/2) such that 

^(2v+l)av 



-Rev-l 



). By the mean value theorem for integration. 



Pv(cosav) = 



-O 



sinav 



/o 



2i 



lo 



(2v+l)av 
2i 



1 I r" (2v+l)tiv a 

= - e^^™^^d0 
n |Jo 



<e 



7r|Imv|/2 



and 



/•n/2 nii/2 i 

\ \Py{cosO)f\Py(-cQsB)\{sinBf''''dB = |Pv(cosav)l^ / |Pv(-cos0)|(sin0)^''''d0 = O 



'sin(v7r)e''li"^l 



(3.21) 



|JjIiy|Rev+l 

From Eos. 13.1913.211 one can confirm the bound estimate f(v) - Odlmvl^'^) for Imv -2N >10 and 1 < Rev < 3. By 
complex conjugation and recursion, one can extend this result to all the points on the the two horizontal sides of the 
square contour Cn- This completes the task stated at the beginning of the paragraph. 

Lastly, by an application of Cauchy's integral formula, we know that the second derivative for the function f(v),vE C 
vanishes ever3rwhere: 

f(z)dz 



/•"(v) = — lim i" 
ni N^ooJc, 



= 0, VveC, 



fci^ (z - v)3 

so f(v) must be an affine function f(v) - av + b for two constants a,b £ C. However, as we have the recursion f{v) - 
-f{v + 2), such an affine function must be identically zero. This eventually verifies Eq.[ 



Remark During the course of deriving recursion relations for 0lM, we have obtained various integrals that are equal 
to 0l{v) times an elementary function of v. A sophisticated by-product of the proof above is the following: 



fijPw 

J-i (1-x' 



f''^^^^^"' dx-r3_2cos(v;r)]f'f^^:iH(£^f£ri2t^dx 



;)(i-v)/2 



>/: 



(l_^2)(l-v)/2 



3-2 cos( vtt) 2vHl5v2 + 36v + 29/cos-f^^^ 



16(v+2)3 



2v 



r(i±i) 



Rev>-1. 



(3.22) 
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Here, the first line in Ea. l3.22l can be proved in a similar vein as Eg. 12.21 except that one chooses n-2\n the application 
of Eq.ill The second line in Eq.[3Jlis a result of Eqs.[M]and|3l0l D 



Remark It so happens that Ea. l3.4l can be rewritten as 



/: 



1 [Py{x)fP^(-x) 

(l_^2)(l-v)/2 



dx: 



Pymy r^ dx_ 

2^ I j-i(l-x2)(i 



;)(l-v)/2 " 



iSA\ ) 



At the moment, we are not aware of a heuristic interpretation for Ea. l3.4ll that is simpler than the foregoing multi-step 
proof of Eq.[3Jl D 



Combining the results from Propositions 12. Il and l3.1l we have verified Eg. ll.ll in its entirety. The special case where 
V - -1/2 corresponds to Eqs. 11.31 and 11.41 In the next corollary, we apply Ramanujan's theory of elliptic functions 
on alternative bases [Ref 1, Chap. 33] to Legendre functions of fractional degrees P-1/3 - P-2/3, P-iia - P-sn and 
P_i/6 - P-5/6, so as to deduce closed-form evaluations of certain integrals over elliptic integrals. The ratios of gamma 
functions will be simplified so that only r(|), r(|) and r(g) are retained in the final presentation of the fractions [Ref 
S §54]. 



Corollary 3.2 We have the following identities 
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(3.23) 
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(3.24) 
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(3.25) 



K 



p'^(2-Hp) 
1-H2p 



,2 



K 



(l + p)3(l-p) 



1-H2p 



dp 



__8_ /■! 

~ n^ Jo v^(l 



\/l + V2(l + 2\f2) [r(i)] 



25/2(2 -Hv^)4 7r3[r(|)]4 

(1 + ^)3/2 [r(i)]8 



V^d + 2p)13/6[(l - p2)p(2 + p)]2/3 

{2-t)VK{Vt)f 

,516 tin 



inl)f /•! [P-1/4(X)]3 ^_8_ /■! 

7r3[r(4)]4 J-1 (l-x2)5/8 ^ ttsJo 



2(l-i)6/«f 



K 



d^ 



(l + p)3(l-p) 
l + 2p 



,2 



K 



p=^(2-Hp) 
1-H2p 



TT"^ Jo 



V^(l + ^)[K(v^)]3 



(l-f)l'*i' 



1/4^5/8 



di; 



dp; 
(3.26) 
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di; (3.30) 
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23 ;r5 j-l(l-x2)ll/12^^ ;,3Jo 2l/6[f(l - f)]5/6 ^*' ^"^'"^"^^ 

3(l + \/3)[r(|)]^ ^ ri [P_i/6(x)]2p_i/6(-x) ^ 8 /•! 3^/4(1 _^^^2)[K(y^)]2K(^/]rr7) 

23 K^ j_i (l-x2)ll/12 '^^ j,3Jo 2l/6[i(l-i)]5/6 ^^' ^■^■■^^■' 

which are special cases ofEq. \1.1\ ■ 



Remark Thanks to the contiguous relations of Legendre functions, and the differentiation formulae for K(^) - Jq (1- 
^2sin2 0)~i/2(j0 that involve the complete elliptic integrals of the second kind E(^) = /o'^ ^(1-^2 sjji2 0)1/2 ^^^ ^.j^g Legen- 
dre function Py is always expressible in terms of complete elliptic integrals of the first and second kinds, whenever the 
fractional part of v is one of the following numbers: 1/2, 1/3,2/3, 1/4, 3/4, 1/6, 5/6. 

Thus, besides what have been tabulated in Corollarv l3.21 we may use Eas. ll.ll and ll.2l to evaluate an infinite family 
of integrals over complete elliptic integrals. As a glimpse of such evaluations, we point out that setting v - 1/2 in Eg. 11. 11 
and V - -1/2 in Eq. |1.2| would bring us 
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df; (3.35) 



^ , 1 x[Pi/2(x)]2Pi/2(-x) ^ 24 /■! (1 - 2f)[2E( v^) - K( v^)]2[2E(vT^) - K( vT^)] ^ 
= -3/ ; :r-rj2 dx = ^/ — — dt, (3.36) 



as one may reckon that Pi/2(1 - 2t) = f [2E(v^) - K(^/i)l D 



Remark It might be worth noting that the special values of gamma functions appearing in Corollary 13.21 have also 
arisen from certain lattice sums I121- It would be thus interesting to see the deduction of these integral formulae from 
modular forms and special values of L-functions. D 
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